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Abstract

Given a graph G and a set S C V (G), the A-interval of §, [S],, is the set formed by the vertices
of § and every w € V (G) forming a triangle with two vertices of §. If [S] , = S, then S is A-
convex of G; if [S], = V (G), then § is a A-interval set of G. The A-interval number of G is the
minimum cardinality of a A-interval set and the A-convexity number of G is the maximum
cardinality of a proper A-convex subset of V' (G). In this work, we show that the problem of’
computing the A-convexity number is W[1]-hard and NP-hard to approximate within a factor

0 (nl_s) for any constant £ > 0 even for graphs with diameter 2 and that the problem of’

computing the A-interval number is NP-complete for general graphs. For the positive side, we
present characterizations that lead to polynomial-time algorithms for computing the A-
convexity number of chordal graphs and for computing the A-interval number of block
graphs. We also present results on the A-hull, A-interval and A-convexity numbers
concerning the three standard graph products, namely, the Cartesian, the strong and the

lexicographic products, in function of these and well-studied parameters of the operands.
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Abstract

A 1-fold of G is the graph G’ obtained from a graph G by iden-
tifying two nonadjacent vertices in G having at least one common
neighbor and reducing the resulting multiple edges to simple edges. A
uniform k-folding of a graph G is a sequence of graphs
G = Go,G1,Gy,...,Gy, where Gi4, s a 1-fold of G; for
1=0,1,2,...,k — 1 such that all graphs in the sequence are singular
or all of them are nonsingular. The largest k for which there exists a
uniform k- folding of G is called fold thickness of G and this concept
was first introduced in [1]. In this paper, we determine fold thickness
of corona product graph G © K,,, G ©®g K., and graph join G + K.

Key Words: Fold thickness, Uniform folding, Singular graphs.
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DECOMPOSITION DIMENSION OF SOME CLASS OF TREES

REJI T AND RUBY R

ABSTRACT. For an ordered k-decomposition 2 = {Gy,G3,...,G}} of a connected graph
G = (V, E), the Z-representation of an edge e is the k-tuple
’7(6/9) = (d(ey Gl), d(ea G2)s teey d<ev Gk)))

where d(e, G;) represents the distance from e to G;. A decomposition  is resolving if
every two distinct edges of G have distinct representations. The minimum k for which
G has a resolving k-decomposition is its decomposition dimension dec(G). In this paper,
the decomposition dimension of broom graph, double broom graph and upper bounds for
the decomposition dimension of banana tree graph and fire cracker graph are determined.

1. INTRODUCTION

Let G = (V, E) be a finite undirected connected graph without loops or multiple edges.
A decomposition of a graph G is a collection of subgraphs of G, none of which have isolated
vertices, whose edge sets provide a partition of E(G). A decomposition of G into k subgraphs
is a k-decomposition of G. A decomposition 2 = {G1, Gy, ...,G}} is ordered if the ordering
(G1,G3, .. -,G}) has been imposed on 2. If each subgraph G; of 2 is isomorphic to a graph
H, then 2 is said to be an H-decomposition of G. :

For edges e, f € E(G), the distance d(e, f) between e and f is the minimum non
negative integer k for which there exists a sequence e = eg, €1, €,...,€r = f of edges of
G such that e; and e;y1 are adjacent for ¢ = 0,1,...,k — 1. For an edge e of G and a
subgraph F of G, d(e, F) = min{d(e, f), f € E(F)}. The following definitions are from [1].
Let 2 = {G1,G2,..-,G x} be an-ordered k-decomposition of G. The PD-representation of an
edge e is the k-tuple v(e/2) = (d(e,G1),d(e,G2),-..,d(e,Gk)), where d(e,G;) represents
the distance from e to G;. We call 2 a resolving k-decomposition if for any pair of edges e
and f, there exists some index 7 such that d(e,G;) # d(f,G;). The minimum k for which G
has a resolving k-decomposition is its decomposition dimension dec(G).

2. PRELIMINARIES

G. Chartrand et al. introduced these concepts in [1]. It is further studied in [3-5,8].
The concepts of resolving set and minimum resolving set have appeared in the literature
previously. Slater introduced and studied these ideas with a different terminology ‘locating
set’ in [9] and [10]. Harary and Melter (6] discovered these concepts independently and these
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Least Common Multiple of Path, Star with Cartesian
Product of Some Graphs

T. REJI, R.RUBY*, B. SNEHA

Department of Mathematics, Government College Chittur, Palakkad, Kerala, India

Abstract A graph G without isolated vertices is a least common multiple of two graphs Hy and
H if G is a smallest graph, in terms of number of edges, such that-there exists a decomposition of
G into edge disjoint copies of Hj and Ha. The collection of all least common multiples of Hi and
Hs is denoted by LCM(H,, H2) and the size of a least common multiple of H, and H> is denoted
by lem(H;, Hz2). In this paper lem(Pa, Pm O Pn), lem(P4, Cm U C,) and lem(K1,3, Kim OKin)
are determined.

Keywords graph decomposition; least common multiple
MR(2020) Subject Classification 05C38; 05C51; 05C70

1. Introduction

All graphs considered in this paper are assumed to be simple and to have no isolated vertices.
The number of vertices of a graph G denoted by v(G), is called the order of G and the number
of edges of G denoted by e(G), is called the size of G.

A graph H is said to divide a graph G if there exists a set of subgraphs of G, each isomorphic
to H, whose edge sets partition the edge set of G. Such a set of subgraphs is called an H-
decomposition of G. If G has an H-decomposition, we say that G is H-decomposable and write
H|G.

A graph is called a common multiple of two graphs Hy and Hp if both H,|G and H2|G. A
graph G is a least common multiple of H; and Hj if G is a common multiple of H, and H>
and no other common multiple has fewer edges. Several authors have investigated the problem
of finding least common multiples of pairs of graphs H, and Hj; that is graphs of minimum
size which are both H; and Hy decomposable. The problem was introduced by Chartrand et
al. in [1] and they showed that every two nonempty graphs have a least common multiple. The
problem of finding the size of least common multiples of graphs has been studied for several
pairs of graphs: cycles and stars [1-3], paths and complete graphs (4], pairs of complete graphs,

complete graphs and a 4-cycle, paths and stars and pairs of cycles. Least common multiple of. v
digraphs were considered in [5]. '
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Projective Dimension of Some Graphs

REJI THANKACHAN, RUBY ROSEMARY and SNEHA BALAKRISHNAN

ABSTRACT. In this paper exact values for the projective dimension of edge ideals associated to some star
related graphs and product graphs G O Py, when G = Cp, Ky and upper bounds for the projective dimension
when G = Py, Wy, are obtained. We have proved that pd(Cp41 O Py) = 2(n~ | 4] ), pd(Kn D P2) = 2n —2
and Pd(Pn-}-l O [)2) <n+384 [%QJI pd(“,’n 0O pz) <n+ 14 [&'3—_—]-] These values are functions of the
number of vertices in the corresponding graphs.

1. INTRODUCTION

In this paper all graphs are finite and simple. Let V(G) denote the vertex set of a graph
G and let (u, v) denote an edge of G with end points u and v. For v € V(G), let N (v) denote
the set of all vertices adjacent to v, called the neighbor set of G and N[v] = N(v) U {v}.
Let S, denote the star on n + 1 vertices {uo,u1, . ..,u,} where ug is adjacent to all other
vertices. The wheel graph W,, on n + 1 vertices is a graph obtained by connecting all n
vertices of the cycle C, to an n + 1-th vertex (called the hub). The edges connecting the
hub and the vertices of C,, are called spokes.

The Cartesian product of two graphs G and H is denoted as G 0 H. Itis a graph with
vertex set V(G) x V(H) = {(g,h)lg € G,h € H} and two vertices (g, k) and (¢’, k') are
adjacent if and only if g = ¢’ and hh' € E(H) or g¢’' € E(G) and h = k'.

Let G is a graph with vertex set V = {z,,2,,...,7,} and let § = Klzy,24,. . -, 2a] be
the polynomial ring over the field K. The edge ideal of G is the monomial ideal J G)csSs
generated by {z;z; : (zi,7;) is an edge of G}. The edge ring of G is the quotient ring
S/I(G) [4]. Villarreal introduced the concept of edge ideal of a graph in [6].

Let U = {x1,T2,...,Z,} be a finite set. A simplicial complex A over U is a subset of
the powerset U with the property that {v,}, {v.},..., {vn} belongs to A and if F € A
and J C F, then J € A. The elements of A are called faces and dimension of a face,
dim F = |F| — 1. The dimension of the simplicial complex A, dim A is the maximum
of the dimensions of its faces [4]. Associated to the edge ideal I(G) of G is its indepen-
dence complex, ind(G), the simplicial complex on the vertex set V of G which has faces
{zi,, zizs- - i, } N0 {74, T3, } is an edge of G} [3].

The Betti number of an ideal can be defined in terms of its Stanley — Reisner complex

using the Hochster’s Formula.
Theorem 1.1. [3] Let A be the Stanley-Reisner complex of a squarefree monomial ideal I csS
and let B m(I) , where m is a squarefree monomial of degree greater than or equal to i, be the
multigraded betti number of I. Then Bi—1 m(I) = dimx Hacg y—i—1(Am; K), where A, is the
subcomplex of A consisting of those faces whose vertices correspond to variables occuring in m
and Hy.(A) is the associated homology group of A.
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For an ordered k-decomposition 2 = {G1,G2,...,Gi} of a connected graph G =
(V, E), the P-representation of an edge e is the k-tuple v(e/2) = (d(e, G1), d(e, G2), . .,
d(e, Gy)), where d(e, G;) represents the distance from e to G;. A decomposition 2 is
resolving if every two distinct edges of G have distinct representations. The minimum k
for which G has a resolving k-decomposition is its decomposition dimension dec(G). In
this paper, decomposition dimension of Cartesian product of paths, cycles and stars is
studied.

Keywords: Decomposition dimension; graph decomposition; Cartesian product.
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1. Introduction

Let G = (V, E) be a finite, undirected, simple, connected graph. A decomposition
of a graph G is a collection of subgraphs of G, none of which has isolated vertices,
whose edge sets provide a partition of (G). A decomposition of G into k subgraphs
is a k-decomposition of G. A decomposition 2 = {G, G, ... , G} is ordered if the
ordering (Gy, G, ...,G}y) has been imposed on 2. If each subgraph G; of 2 is
isomorphic to a graph H, then 2 is said to be an H -decomposition of G.

For edges ¢, f € E(G), the distance d(e, f) between e and f is the minimum
non-negative integer k& for which there exists a sequence € = €g,€1,€9,...,Cx =
J of edges of G such that e; and e¢;;, are adjacent for ¢ = 0,1,...,k — 1. The
following definitions are from [5]. If d(g,e) # d(g,f), then the edge g € E(G)

tCorresponding author.
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ON THE MEAN SQUARE AVERAGE OF DIRICHLET
L-FUNCTION OVER CHARACTERS OF ODD PARITY
IN A SPECIAL CASE

NEHA ELIZABETH THOMAS, ARYA CHANDRAN, K. VISHNU NAMBOOTHIRI

Abstract: Evaluating the mean square averages of the Dirichlet L-functions over Dirichlet char-
acters x of the same parity is an active problem in number theory. Here we explicitly evaluate
ZX odd L(3, x) using certain trigonometric sums and Bernoulli polynomials and express the sum
in terms of the Euler totient function ¢ and the Jordan totient function Js.

Keywords: L-functions, trigonometric sums, Jordan totient function, Euler totient function,
mean square averages, Gauss sum, Ramanujan sum, Bernoulli numbers.

1. Introduction

Let k be a natural number > 3. A Dirichlet character x is defined to be odd if
x(—=1) = —1 and even if x(—1) = 1. The Dirichlet L-function L(s, x) is defined

by the infinite series Y, Xr(:f) where s € C with Re(s) > 1. It is an important
function in number theory especially due to its connection with the Rieman zeta

function ((s). For rational integer r, the problem of computing exact values of

> LX)l (1)
x mod k
x(=D)=(=1)"

and thus finding the mean square averages of this sum has been attempted in
various cases by many.

In 1982, Walum [15] gave an exact formula for the sum (1) with » = 1.
Louboutin ([6]) computed the sum of |L(1,x)|? over all odd primitive Dirichlet
characters modulo k. See [4, Chapter 6] for the definition of primitivity of Dirich-
let characters. In [7], Louboutin gave an exact formula for the sum of |L(1, x)|?
over all odd Dirichlet characters in terms of the prime divisors of k and the Euler
totient function ¢. He mainly used the orthogonality properties of characters and

2020 Mathematics Subject Classification: primary: 11MO06; secondary: 11L05, 11L03
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Abstract

For the given graphs G and H, and for a positive integer k, the Gallai-Ramsey number is denoted by gr+(G : H) and is
defined as the minimum integer n such that every coloring of the complete graph K,, using at most k colors contains either
a rainbow copy of G or a monochromatic copy of H. The k-color Ramsey number for G, denoted by Ry (G), is the minimum
integer n such that every coloring of K,, using at most & colors contains a monochromatic copy of G in some color. Let S,, be
the star graph on n edges and let P, be the path graph on n vertices. Denote by S, the graph obtained from S,, by adding
an edge between any two pendant vertices. Let 7,42 be the tree on n + 2 vertices obtained from .S,, by subdividing one of its
edges. In this paper, we consider gri(Ss : H), where H € {S,, S}, Pn, Th2}, and obtain its relation with Ro(H) and Rs(H).
We also obtain 3-color Ramsey numbers for S, S;", and T}, ».

Keywords: Gallai-Ramsey number; coloring; rainbow copy; monochromatic copy.

2020 Mathematics Subject Classification: 05C15, 05C55, 05D10.

1. Introduction

In this paper, edge-colorings of finite simple graphs are considered. Throughout this paper, by coloring we mean edge-
coloring. For an integer k > 1,1et C : E(G) — {1,2,...,k} be a k-coloring of a graph G. Thus, C partitions the edge set of G,
E(G), into k sets C1,Cy, - - - , Ck, where C; consists of those edges of G that are colored with color i. Note that C need not be
a proper coloring. The color i is represented at a vertex v if some edge incident with v has color i. A coloring of a graph is
called monochromatic if all edges are colored the same, and a coloring is called rainbow if all edges are colored differently.
Given a graph G, the k-color Ramsey number for G, denoted by Ry (G), is the minimum integer n such that every coloring
of the complete graph K, using at most k colors contains a monochromatic copy of G in some color. For the given graphs G
and H, and for a positive integer k, the Gallai-Ramsey number, denoted by gr;(G : H), is defined as the minimum integer
n such that every coloring of K, using at most & colors contains either a rainbow copy of G or a monochromatic copy of H.
For any graph H, the inequality gr;(G : H) < Ri(H) holds.

In 1967, Gallai [4] investigated the structures of rainbow triangle-free (i.e., there is no rainbow K3) colorings of complete
graphs and proved the following result. In honor of Gallai’s work, a coloring of a complete graph G is said to be Gallai
coloring if G is rainbow triangle-free.

Theorem 1.1. [4] In any Gallai colored complete graph G, V(G) can be partitioned into non-empty sets Hy, Ho,--- , Hj,
with | > 2, such that there are at most two colors between the parts, and there is only one color on the edges between every
pair of parts.

In recent years, many results on Gallai-Ramsey numbers concerning the case when G is a triangle have been reported
[2,3,8]. However, Gallai-Ramsey numbers for other choices of G have been much less studied. In [6], the authors proved
the following theorem for G = P, and posed a conjecture when G = Ps.

Theorem 1.2. [6] For any graph H with no isolated vertices, gri(Py : H) = Ry(H) except when H = P; and k > 3, in which
case gri(Py : P3) = 5.

Conjecture 1.1. [6] For any graph H with no isolated vertices, gri(Ps : H) = R3(H).

Gyarfas et al. [5] proved the next result concerning 3-color Ramsey numbers of paths, which was conjectured by Faudree
and Schelp in [1].

*Corresponding author (rubymathpkd@gmail.com).
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2n —1 ifnisodd,
Theorem 1.3. [5] For sufficiently large n, R3(P,) =

2n — 2 if nis even.

In this paper, we consider gry(G : H) for rainbow S3 and monochromatic stars, paths and some extensions of stars.
Few results are known for the case when G = S3 and finding this number for a path is a fundamental work. Let S,, be the
star on n + 1 vertices and n edges. Denote by S, the graph obtained from S,, by adding an edge between any two pendant
vertices. Let P, be the path on n vertices and T,, ;> be the tree on n + 2 vertices obtained from the star S,, with one edge
subdivided. Let V = {v,vs, - ,v,} be the vertex set of the complete graph K,,. For any non-empty subset V' of V, the
subgraph of K,, whose vertex set is V' and edge set is the set of those edges of K,, that have both ends in V" is called the
subgraph of K,, induced by V', denoted by K,[V"].

2. Main results

In this section, 3-color Ramsey numbers for S, S;", and 7)., are obtained. Also, in this section, it is shown that for all
k > 3, the inequality Ry(H) < gri(Ss : H) < R3(H) holds when H € {S,,, S;", P, T,,12}. Itis clear that gr2(S3 : H) = Ro(H).

Theorem 2.1. R3(S,) =3n—1.

Proof. To prove R3(S,) > 3n — 1, it is enough to show that there exist a 3-coloring of K3, that does not contain a
monochromatic copy of S,. Let us take G; = K3, o[{vi,v2, - ,vn_1}], G2 = Kzn_o[{vn,Vns1, " ,v2n_2}] and Gz =
Ksp—o[{van—1,v2n, "+ ,v3,—3}]. Color the edges of G; with color i where i = 1,2, 3. The edge ¢ = uwv is colored with color 1 if
u € Ga,v € G3, with color 2 if u € G1,v € G3 and with color 3 if u € G1,v € G3. Now, the edge ¢ = uvs,,_» is assigned color
1if u € Gy, color 2 if u € G5 and color 3 if u € G3. Under this coloring each vertex in K3,,_» is represented by color i where
i=1,2,3, at most n — 1 times. Thus, K3,,_» does not contain a monochromatic copy of S,,. Hence, R3(S,) > 3n — 1.

Now, consider any 3-coloring of K3,,_; and let v be any vertex in K3, . Since deg(v) = 3n — 2, at least n edges incident
with v must be of same color giving a monochromatic copy of S,,. Thus, R3(S,) < 3n — 1 and hence R3(S,,) = 3n — 1. O

Theorem 2.2. R3(T,;2) = 3n.

Proof. The lower bound can be proved by showing that there exist a 3-coloring of K3,,_; that does not contain a monochro-
matic copy of T),o. Let G1 = Ksn_1[{vi,v2, -+ ,0n-1}], G2 = Kspn_1[{vn,Un+1, - ,V2n—2}] and Gs = Kzp_1[{v2n—1,Van,

- ,v3n—3}]. Color the edges of G; and the edges w;vs,_2, w;vs,—1, w; € V(G;) with color i where i = 1,2, 3. The edge e = uv
is colored with color 1 if u € G2, v € G3, with color 2 if u € G1,v € G35 and with color 3 if u € G1,v € G5. Assign color 1 for
the edge v3,,_2v3,—1. Under this coloring K3,,_1 does not contain a monochromatic copy of 7,,15. So, R3(T,+2) > 3n.

To prove the upper bound consider a 3-coloring C = {C, Cs, C3} of K3,,. Since deg(vs,) = 3n—1, at least n edges incident
with vs,, must be of same color. Let {vs,v1, v3nv2, -, U3,v,} C Cq. Ifthereis anedge v;v; € C1,1 <i<n,n+1<j<3n-1,
then K3, contains a monochromatic copy of 7, 5.

Now, suppose that each edge v;v;,1 <i <n,n+1 < j < 3n—1 belongs to C; or Cs3. Then a monochromatic copy of T}, ;-
in K3, can be obtained as follows. For i = 1,2,3, let E; = {v;v;,n+ 1 < j < 3n — 1}. Then |E;| = 2n — 1 and the edges of E;
are colored with color 2 or color 3. So, in each FE;, n edges are of same color. Let E/ C E; be such that |E| = n and all edges
of E! are of same color. Among Ej, EY, EY, two of the sets must have edges in same color. Suppose C; contains £} and Ej.
Then for some r,n + 1 < r < 3n — 1 there exists a vertex v, such that the edges v,v,. € E] and vev,. € E}. If such a vertex
v, does not exist, then the set of n end vertices of edges in F| and the set of n end vertices of edges in F) are disjoint. This
implies that there exist 2n vertices in the set {v;,n +1 < j < 3n — 1}, which is not possible. Then E{ U {v,v,} will give a
monochromatic copy of 7}, 12 in K3, in color 2. Thus, R3(T,+2) < 3n. Hence, R3(T},12) = 3n. O

Lemma 2.1. Any 2-coloring of Koy 1 contains a monochromatic copy of S,‘:.

Proof. Consider a 2-coloring C = {C1,Cs} of Kai1. Suppose there is a vertex v in Koi41 such that & + 1 edges incident
with v have same color. Let {vog1v1, vak1+1v2, - -+, Vak+1vk4+1} C Cy. If there exist some edge v;v;, 1 <i < j<k+1,in (4,
K41 contains a monochromatic copy of S;” in color 1. Suppose such an edge does not exist. This will imply that every
edge of the induced subgraph G’ = Ko 41[{v1,v2, - ,vk+1}] is in Cy. Thus, G’ and hence Ksj41 contains a monochromatic
copy of S;" in color 2.

Now, suppose there is no vertex in K511 incident with &£ + 1 edges in same color. Then every vertex is incident with
exactly k edges in Cy and k edges in Cy. Let {vart1v1, V254102, - , V2410t C C1. As in the case above if there exist
some edge v;v;, 1 < i < j < k, in Cy, K41 contains a monochromatic copy of S,j in color 1. If not, then every edge of
Kopi1[{v1,v2,- -+ ,ui}] is colored with color 2. Since vy, is incident to k edges that are colored with color 2, there exist an
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edge viv; in Cy, where k+1 < t < 2k. Thus, {viv;, 1 <i<k—1} U {vgv:} U {v1v2} is a monochromatic copy of S,j in color
2 contained in Koy 1. O

Theorem 2.3. R3(S;") =5n+ 1.

Proof. To prove the lower bound consider Kj,. Let G; = Ks,[{v1,v2, - ,0n}], G2 = Ksn[{Unt1,0n42, - ,v2,}], Gs =
KSn[{U2n+17 Von+2," " * ,’Ugn}], G4 = K5n[{’l)3n+1, U3n+2," " ,U4n}] and G5 = K5n[{7}4n+1, Vin+2," " * ,’Ugm}]. ASSigl’l color 1 to the
edgesin G; for 1 < i < 5. All edges in K5, between G and G2, G and G3, G5 and G4, G3 and G5, G4 and G5 are colored with
color 2. Remaining edges in K5, are colored with color 3. This gives a 3-coloring of K5, which contains a monochromatic
copy of S,, but does not contain a monochromatic copy of S;". So, R3(S;7) > 5n + 1.

Consider a 3-coloring C = {C}, C5,Cs} of Kj5,,1. Since deg(vs,+1) = 5n and for n > 3, 3(n + 2) < 5n, at least n + 2 edges
incident with vs, ;1 must have same color. Now, either n + 2 or n + 1 must be an odd number and let that odd number be

2k + 1 for some integer k. Let {vs, 1101, V5n1102, -+, Usnt1Uny2} C C1. If there is an edge v;v; € C1,1 <i < j < n+2, then
K541 contains a monochromatic copy of S;F.

If there is no such edge, G1 = K5,41[{v1, 02, , vax+1}] must be 2-colored. Also GG; is isomorphic to the complete graph
Kok11. Then by Lemma 2.1, G; contains a monochromatic copy of S,j in color 2 and let {vy,vq, - , vk, vp+1} be the vertices

of S,j C G4, where v is the hub vertex. If there are n — k edges in Ky, 11 \ S,j in color 2 incident with vy, then K5,
contains a monochromatic copy of S;'.
Otherwise at most n — k — 1 edges in color 2 are incident with v, 1. So, at least 4n + 1 edges incident with v, are in

Cy or C5. Among these, 2n + 1 edges must be in C; where ¢t = 1 or 3. Let {vg1U5n, Vp+1V5n—1," - , Vp+103n} C Cy and let
G2 = Ksnt1[{v3n, V3n+t1, -, Usn}]- If there is an edge v,vs, 3n < r < s < 5nin color ¢, then K5, 1 contains a monochromatic
copy of S;.

If there is no such edge, then G5 is 2-colored. Then by Lemma 2.1, there is a monochromatic copy of S; in G5 and hence
in Ks,41. So, R3(S;) < 5n + 1. Hence, R3(S;") =5n+ 1. O

Lemma 2.2. gr (S5 : H) > Ry(H), where H € {S,,, Ty2, Pn, S/}

Proof. By the definition of Ry(H), there is a 2-coloring of K,,, where m = Ry(H) — 1 which has no monochromatic copy of
H. Since only two colors are used, K,, cannot have a rainbow copy of S3. So, gr(Ss: H) > Ro(H). O

Theorem 2.4. gry(S3:S,) = 2n.

Proof. Consider Ks,_;. Color the edges of the induced subgraphs G; = Ks,,_1[{v1,v2, - ,vn—1}] and Ga = Kap_1[{vn, Un+1,
- ,U2p—2}] with color 1 and color 2 respectively. Use color 3 for the edges between G; and G2. The edges between the
vertices of G; and w5, are colored with color 1 and those between G2 and v, 1 are colored with color 2. Now, every
vertex of K5, 1 are two colored and hence there does not exist a rainbow S3 in K5, ;. Only a monochromatic S,,_; could
be obtained with the above coloring. Hence, gri(Ss : S,,) > 2n.
Let C be a k-coloring of K5,,. If there is a vertex in K5, represented by at least 3 colors, a rainbow copy of S is obtained.
If not, C is such that every vertex of K, is at most 2-colored. Let v be a vertex of K5,,. Since degree of v is 2n — 1, n edges
incident with v must be of same color. These n edges gives a monochromatic copy of S, in K»,,. Hence, gri(Ss : S,,) < 2n.
Thus, gri(Ss : Sn) = 2n. O

Theorem 2.5. Ry(S,) < gri(Ss : Sn) < R3(Sp).
Proof. From Lemma 2.2, Theorem 2.1, and Theorem 2.4, the result follows. O
Theorem 2.6. gry(S3: Tpi2) =2n+ 1.

Proof. Consider the complete graph K5,. Color the edges of the induced subgraph G, = Ky, [{v1,v2, - ,vn41}] With color
1. Now, color all the edges except the edge v;v,,11 of the induced subgraph G2 = Ky, [{vn41,Vnt2," -, U2n, v1}] With color 2.
Use color 3 for the edges connecting the vertices of G1\{v1, v,+1} and G2\ {v1, v,+1}. Only a monochromatic S, is obtained
with the above coloring in color 1 and color 2. In color 3 a monochromatic S,,_; is obtained. So, gri(S3 : Tpa2) > 2n + 1.
Let C = {C1,C5,--- ,Cy} be a k-coloring of Ks, 1. If there is a vertex in K, ; represented by at least 3 colors, a
rainbow copy of S5 is obtained. If not, C is such that every vertex of K5, ; is at most 2-colored. Since degree of va, 11 is
2n, at least n edges incident with vs,.1 must be of same color. Without loss of generality, let the edges vo,11v:,1 <i < n
be in C;. Let Wy = {v1,vq, - ,v,} and Wa = {vp41,Un42, - ,v2n}. If there is an edge in C; with one end in W; and
other end in W5, a monochromatic copy of 7,2 in color 1 exist. If not, each v;w,w € W5 must be in (5. Now, if each
vow,w € Wa is in Cy, {viw : w € Wa} U {vava, } gives a monochromatic copy of T),; 2 in color 2. If each vow,w € W is in
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C3, v3v2, must be in Cy or Cs. If v3vg, € O, {viw : w € Wa} U {v3v2,} gives a monochromatic copy of 7}, 2 in color 2.
Otherwise {vaw : w € Wa} U {v3va, } gives a monochromatic copy of 7,2 in color 3. Hence, gr(S3 : Tp,12) < 2n + 1. Thus,
ng(S;g : Tn—‘,—Z) - 2n + 1 D

Theorem 2.7. RQ(Tn+2) < ng(Sg; : Tn+2) < R3(Tn+2).
Proof. From Lemma 2.2, Theorem 2.2, and Theorem 2.6, the result follows. O
Theorem 2.8. gry(S3: S) = 2n + 1, where S is obtained from S,, by adding an edge between any two pendant vertices.

Proof. Consider the complete graph Ks,. Color the edges of the induced subgraphs G, = K, [{v1,v2, - ,v,}] and Gy =
Kon[{vn+1, vnta, -+ ,v2,}] with color 1 and color 2 respectively. Use color 3 for the edges between G; and G5. Now, every
vertex of K5, are two colored and hence there does not exist a rainbow S3 in K»,. Only a monochromatic S,, could be
obtained with the above coloring. Hence, gry(Ss : S;7) > 2n + 1.

LetC ={C,C5,--- ,Ci} be a k-coloring of K5, 1. If there is a vertex in K5, represented by at least 3 colors, a rainbow
copy of S3 is obtained. If not, C is such that every vertex of K5, is at most 2-colored.

Assume that there is a vertex in Ko, incident with n + 1 edges and all these edges have the same color. Let
{v1van+1, V2Von+1, -+ , Unt1Vont1 t C C1 and let G1 = Kopi1[{v1,v2, -+ ,vnt1}]. If there is an edge in C; which belongs to G,
we get a monochromatic copy of S;™ in color 1. If not, every edge of G; must be in C5. Then G; contains a monochromatic
copy of S in color 2.

Now, assume that there does not exist such a vertex. Then each vertex must have n edges in one color and n edges
in another color. Let these edges be viva,+1, V202041, ,UnVap+1 in Cy and let Gy = Ko,y [{v1,v2, -+ ,v,}]. If there is
an edge in C; which belongs to G5, a monochromatic copy of S, is obtained in color 1. If not, every edge of G5 is in Cs.
Now, v,, is incident with n — 1 edges in C>. Since v,, must have n edges in color 2, there must exist an edge v,v,, in Cs for
some 7, n + 1 < r < 2n. Then viv,, vavn, +* ,Vy_10n, V-0, and vive gives a monochromatic copy of S;™ in color 2. Hence,
gri(Ss : S;F) < 2n+ 1. So, gri(Ss : S;f) =2n+ 1. a

Theorem 2.9. Ry(S;") < gri(Ss: S;}F) < R3(S;h).
Proof. From Lemma 2.2, Theorem 2.3, and Theorem 2.8, the result follows. O
Theorem 2.10. For n > 3, Ry(P,,) < gri(Ss : P,) < R3(Py).

Proof. The lower bound is clear from Lemma 2.2. When at most three colors are used, from the definition of R3(P,) it
is clear that gri (S5 : P,) < Rs3(P,). Suppose at least four colors are used. The upper bound is established by applying
induction on n. R3(P3) = 5 (from [7]) and in any k-coloring of K5 without a rainbow S3, each vertex of K5 must be incident
with at most 2 colors. Since deg(v) = 4V v € K5, at least two edges incident to v must be of same color, which is a
monochromatic copy of P5. Thus, gri(Ss : Ps) < R3(Fs).

Suppose that gry(Ss : P,—1) < R3(P,—1). The inequality gri(Ss : P,) < R3(P,) is to be proved. Let m = R3(P,).
It is enough to show that any k-coloring of K, contains a rainbow copy of S3 or a monochromatic copy of P,. Let C =
{C1,C4,---,Cy} be a k-coloring of K,,,. Suppose that K, does not contain a rainbow copy of S5. Then at most two colors
are represented at each vertex of K,,. Here it will be proved that K,, contains a monochromatic copy of P,. Observe
that R3(P,_1) < R3(P,). Then from the induction hypothesis we get gr(S3 : P,—1) < R3(P,) = m. Since K, does not
contain a rainbow copy of S3, it must contain a monochromatic copy of P,,_;. Without loss of generality, let v,vs - - - v,,_1 be
a monochromatic copy of P,_; in color 1. Let G; = K,,,[{ve,vs, - ,v,—2}] and Gy = K, [{vn, Vnt1, - ,vm}]|. If there is an
edge vyw or v,,_w for some w € G5 in color 1, then K, contains a monochromatic copy of P,. If not, for all w € G5 the edges
vyw ¢ Cy and v,—qw ¢ C;. Since v1v9 € C4, all the edges viw, w € Gy must belong to C; for some fixed i, > 2 (otherwise a
rainbow copy of S5 is obtained at v;). Same argument holds for v,,_;w, w € G5. Consider the following cases.

Case 1. For all w € G, viw € Cy and v,,_1w € Cs.

The colors, color 2 and color 3 are represented at each vertex of G, color 1 and color 2 at vy, color 1 and color 3 at v,, 1
(see Figure 1). The edges v,u,u € G; must be in C5 or C3 and hence two colors are represented at each vertex of G;. Thus,
two colors are represented at each vertex of K, using color 1, color 2 or color 3. So, in this case £ > 4 is not possible (If
k > 4, then K, contains a rainbow copy of S3). When k& = 3 the existence of a monochromatic copy of P, in K, is assured
by the definition of R3(P,,), since m = R3(P,) is the smallest integer such that every coloring of K, with at most 3 colors
will contain a monochromatic copy of P,.
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Figure 1: Case 1 of the proof of Theorem 2.10.

Case 2. For all w € G5, both vyw and v,,_ w are in Cs.

Subcase 2.1. For some i > 3, K,,, has an edge in C; with one end in G; and the other in G5.

Without loss of generality suppose that K, has an edge in C3 with one end in G; and the other in G5. Let v,.v,; belong to
C3 where v, € G1,vs € G2. Then color 1 and color 3 are represented at v,., color 2 and color 3 are represented at v, (see
Figure 2). So, each edge vsu,u € G; must be in Cy or C5 (otherwise a rainbow copy of S5 is obtained at v,) and the edges
vrw, w € Go must be in C; or C3 (otherwise a rainbow copy of S3 is obtained at v,.). Then two colors are represented at each
vertex of K,,,. So, as in case 1, k > 4 is not possible and when k = 3, by definition of R3(FP,,) there exist a monochromatic
copy of P, in K,,.

Um Um-—1 Vs Un41

Figure 2: Subcase 2.1 of the proof of Theorem 2.10.

Subcase 2.2. For any ¢,: > 3, K,, has no edge in C; with one end in G and the other in Gs.
Since at least four colors are used to color the edges of K,,, C3 is non empty. From the supposition of this subcase, the
edges having color 3 must belong to G; or G5 (or both). Then two cases are to be considered.

Subcase 2.2.1. Suppose G- contains an edge that belongs to Cs.
Let v,v, be the edge of G, that belongs to C5 (see Figure 3).

Claim 1. Two colors, color 1 and color 2 are represented at every vertex of V(G1) U {v1,vp_1}.

From the supposition of case 2, v, v, € C5, so color 2 is represented at v,.. Thus, two colors, color 2 and color 3 are represented
at v,.. Consider the edges v,u,u € G;. Then v,.u must have color 2 or color 3 (otherwise a rainbow copy of S5 is obtained at
v.). From the supposition of subcase 2.2, v,.u ¢ C3 and hence v,.u € C5 for all u € G;. Since u € G, color 1 is represented
at u. Thus, two colors, color 1 and color 2, are represented at each vertex of G;. So, any edge from G; to G must be in C}
or C5 (otherwise a rainbow copy of S3 is obtained). Also color 1 and color 2 are represented at the vertices vy, v,,_1 (from
the supposition of case 2). Thus, two colors, color 1 and color 2 are represented at the vertices of V(G1) U {v1,v,—1}-

Let W ={w e Gy : uw € C2V u € Gy }. Since v,u € C; for all u € Gy, v, € W and hence W # (. Consider the set K,,\IV.

Claim 2. Two colors, color 1 and color 2 are represented at every vertex of K,,\W.

V(Kn\W) =V(G1) U {v1,vn_1} U V(G\W). If Go\W = 0, then V(K,,\W) = V(G1) U {v1,v,—1}. Hence, from claim 1,
color 1 and color 2 are represented at every vertex of V(K,,\W). Suppose Go\W # (. Let x be a vertex of Go\W. Since
x € G, color 2 is represented at x and since = ¢ W, there exist some u € G such that uz ¢ Cs. So, uz € C, since any edge
from G; to G3 must be in C; or Cs. Thus, two colors, color 1 and color 2, are represented at each vertex of Go\W. Also from
claim 1, color 1 and color 2 are represented at each vertex of G; and at the vertices vy, v, 1. Hence, color 1 and color 2 are
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represented at every vertex of K,,\WW. Thus, claim 2 is proved.

So, every edge that is not colored using color 1 or color 2 must be in K,,[W] (otherwise a rainbow copy of S5 is obtained at
a vertex of K,,\W).

i) Let |W| > [gJ Then viwivows . . vznwz is a monochromatic copy of P, in color 2 when n is even and v;wivaws . ..

Vlnjwn vy isa monochromatic copy of P, in color 2 when n is odd, where w; € W for i > 1.

Un—1

7 10[09

Uy

color 3

Figure 3: Subcase 2.2.1 of the proof of Theorem 2.10.

ii) Let [W| < [gJ . It will be proved that K, contains a monochromatic copy of P, in color 1 or color 2. For that construct
a 3-coloring of K, from C using color 1, color 2 and color 3. Under C every edge of E(K,,)\E(W) is in color 1 or color
2 (from claim 2). Recolor the edges of K,,[IV] alone using color 3. This recoloring gives a new 3-coloring, C’, of K,,.
Then, from the definition of R3(P,), K,, contains a monochromatic copy of P,, under C’. All the edges of K,,, having
color 3 under C’ belongs to K,,[IW] and hence if the monochromatic copy of P, under C’ is in color 3, then it must be
contained in K,,[W]. But |WW| < L%J So, the monochromatic copy of P, under C’ is not in K,,,[W]. This implies that
the monochromatic copy of P, in K,, under C’ is not in color 3 and hence it is either in color 1 or in color 2. Without
loss of generality suppose that the monochromatic copy of P, under C’ is in color 1 and let ejes ... e, _1 be the edges
in P,. It is to be noted that every edge of K,, having color 1 or color 2 under C’ had the same color under C. Then

these ¢;’s will have color 1 in K, under C and hence a monochromatic copy of P, in color 1 is obtained under C.

Subcase 2.2.2. Suppose that G> does not contain an edge that belongs to Cs.

From the supposition in subcase 2.2, every edge in C5 must be in G;. Let v,.v; be an edge in G; that belong to C3. Then
color 1 and color 3 is represented at v,.. So, the edges v,w,w € G5 must be in C; or C3 (otherwise a rainbow copy of S is
obtained at v,.). From the supposition of subcase 2.2 v, w cannot have color 3. So, for all w € G5, v,w is in color 1. Thus,
two colors, color 1 and color 2, are represented at each vertex in G5 and at the vertices v1,v,_1. Recolor G; with color 3
to obtain a 3-coloring C’ of K,,. Then from the definition of R3(P,), K,, contains a monochromatic copy of P, under C’.
Since |G| < n, this monochromatic copy of P, is not in color 3 and hence it is either in color 1 or in color 2. Then the same
monochromatic copy of P, in K,, under C’ can be obtained under C. Thus, in all cases gry(S3 : P,) < R3(P,). O

Remark 2.1. Let us consider an example for which strict inequality holds in Theorem 2.10. We have R3(P;) = 5. But,
gri(Ss : P3) = 4. Consider a k-coloring of K4 that does not contain a rainbow Ss. Then at most two colors are represented
at each vertex of K4. Since the degree of each vertex of K is three, there exist at least two edges in the same color incident
with each vertex of K4, giving a monochromatic copy of Ps. So, gri(Ss : P3) < 4. Now, the complete graph on three vertices,
C'3 does not contain a rainbow copy of S3 or a monochromatic copy of Ps in any 3-coloring. Hence, gri(Ss : P3) = 4.
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Abstract

For an ordered k-decomposition D = {G1,Ga,...,Gi} of a con-
nected graph G = (V, E), the D-representation of an edge e is the k-
tuple v(e/D) = (d(e,G1),d(e,Ga), ...,d(e,Gy)), where d(e,G;) rep-
resents the distance from e to G;. A decomposition D is resolving if
every two distinct edges of G have distinct representations. The min-
imum k for which G has a resolving k-decomposition is its decomposi-
tion dimension dec(G). In this paper, the decomposition dimension of
corona product of the path P, and cycle C,, with the complete graphs
Ky and K5 are determined.
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1. Introduction

Let G = (V,E) be a finite undirected connected graph without loops or
multiple edges. A decomposition of a graph G is a collection of subgraphs of
G, none of which have isolated vertices, whose edge sets provide a partition
of E(G). A decomposition of G into k subgraphs is a k-decomposition
of G. A decomposition D = {G1,Ga,...,Gy} is ordered if the ordering
(G1,Ga,...,Gy) has been imposed on D. If each subgraph G; of D is
isomorphic to a graph H, then D is said to be an H-decomposition of G.

For edges e, f € E(G), the distance d(e, f) between e and f is the
minimum non negative integer k for which there exists a sequence e =
€o,€1,€2,...,ex = f of edges of G such that e; and e;41 are adjacent
for « = 0,1,...,k — 1. For an edge e of G and a subgraph F' of G,
d(e, F) = min{d(e, f),f € E(F)}. Let D = {G1,Ga,...,G} be an or-
dered k-decomposition of G. The D-representation of an edge e is the k-
tuple v(e/D) = (d(e, G1),d(e, Ga),...,d(e,Gi)), where d(e, G;) represents
the distance from e to G;. We call D a resolving k-decomposition if for any
pair of edges e and f, there exists some index i such that d(e, G;) # d(f, G;).
The minimum k for which G has a resolving k-decomposition is its decom-
position dimension dec(G). These concepts were introduced by Chartrand
et.al in [1]. Tt is further studied in [2,3,8].

The concepts of resolving set and minimum resolving set have appeared
in the literature previously. Slater introduced and studied these ideas with
a different terminology ’locating set’ in [9]. Harary and Melter [4] discov-
ered these concepts independently. Later these concepts were rediscovered
by Johnson in [5]. Chartrand et.al [1] proved that dec(G) > 3 for all
connected graphs G that are not paths and for a tree T' of order n and
diameter d, dec(T) <n —d+ 1. M. Hagita, A. Kundgen and D. B. West
[3] used probabilistic methods to obtain upper bounds for decomposition
dimension of complete graphs and regular graphs. H. Enomoto and T.
Nakamigawa [2] established a lower bound for decomposition dimension of
graphs using the maximum degree of G. They proved that for any graph
G, dec(G) > [logaA(G)] + 1. Reji T. and Ruby R. studied about decom-
position dimension of cartesian product of graphs in [6].

The corona product, Gi ® G2 of two graphs G (with n; vertices and
my edges) and Gy (with ny vertices and mqy edges) is defined as the graph
obtained by taking one copy of G; and n; copies of G2, and then joining
the ith vertex of G; with an edge to every vertex in the ith copy of Gs.
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Metric dimension and partition dimension, which distinguishes the vertices
of a graph using distance, of corona product of graphs are studied in [7,10].

2. Main Results

Define of : R® — R™ by af (z1,...,%i, ..., &n) = (T1,..., 2 + 1,...,2p)
and a; : R" = R" by o (z1,...,%i,...,2n) = (T1,..., 2 — 1,...,2p)
Theorem 1. dec(P, ® K) —{ g ﬁ;Zig

Proof. Case 1: n=2
The corona product of the path P> and the complete graph Ky, Po ® K7 is
the path P;. Hence dec(P> ® K1) = 2.

f1 fa

Figure 1. P, ® K.

Case 2: n >3

The corona product of the path P, and the complete graph K, P, ® K;
is also known as the n-centipede graph. Let vy, vs, ..., v, be the n vertices
and eq,es,...,e,—1 be the n — 1 edges of the path P,. Label the edges
joining the vertex v; in P, and K7 as f;,1 <1 < n.

£1 ] £ En—1

i fa fa 1 frn—1 fn

Figure 2. P, ® K.
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Consider the decomposition D = {G1, Ge, G3} of P,®K; where E(G;) =
{f1}, E(G2) = {fn} and E(G3) consists of all other edges of P, ® Kj.
Then 'Y(fl/,D) = (07n7 1)7 'Y(fn/,D) = (n707 1)7 V(fz/,D) = <i7n +1- i,O),
2<i<n-—1and~(e/D)=(i,n—1,0),1 <i<n—1. Thus D is a resolv-
ing decomposition of P, ® Kj. So dec(P, ® K;) < 3. Since P,, ® K is not
a path dec(P, ® K1) > 3. Hence dec(P, ® K1) = 3. O

Theorem 2. dec(P; ® K3) =3 and dec(P, ® Ks) < 4,ifn >3

Proof. Case 1: n =2

Consider the graph P, ® Ks. Let v1,vs be the vertices of the path P, and
e1 be the edge joining v; and ve in P,. For ¢ = 1,2 label the edges joining
the vertex v; in P, and Ks as f;, g; and let h; be the edge in K5 adjacent
to the edges f; and g;.

€1

hi ha

Figure 3. P, ® Ko.

Consider the decomposition D = {G1, G2, G} of P,© K5 where E(G1) =
{91}, E(G2) = {g2} and E(G3) consists of all other edges of P, ® K. Then
v(91/D) = (0,2,1),v(g2/D) = (2,0,1), v(f1/D) = (1,2,0),7(f2/D) = (2,1,0),
v(h1/D) = (1,3,0), v(he/D) = (3,1,0), v(e1/D) = (1,1,0). Thus D is a re-
solving decomposition of P, ® Kj. So dec(P2 ® K2) < 3. Since P» ® Ky is
not a path, dec(P, ® K3) > 3. Hence dec(P, ® Kj3) = 3.

Case 2: n >3

Consider the corona product of the path P, and the complete graph Ko,
P, ® Ks. Let v1,ve,...,v, be the n vertices and eq,eo,...,e,_1 be the
n — 1 edges of the path P,. For i = 1,2,...,n label the edges joining the
vertex v; in P, and K3 as f;,g; and let h; be the edge in K adjacent to
the edges f; and g;.


pc
di3
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h.;l

Figure 4. P, ® K.

Since P, ® K is not a path, dec(P,, ® K2) > 3. Consider the decom-
position D = {G1, G, G3,Gy} of P, ® Ko where E(G1) = {g1}, E(G2) =
{92,93,---s9n-1}, E(G3) = {gn} and E(G4) consists of all other edges of
P, ® Ks.

Then 7(91/2)) = (0,2,72, 1)7 V(Qn/ID) = (TL,Q,O, 1)7 'Y(fl/,D) = (1,2,7L, 0)7
Y(fn/D) = (n,2,1,0),v(h1/D) = (1,3,n + 1,0), y(h,/D) = (n + 1,3,1,0),
v(ei/D) = (i,1,n —4,0),1 <i<n-—1.

For2 <i<n—1,v(g;/D) = (i,0,n + 1 —i,1), y(fi/D) = (i,1,n + 1 —4,0),
v(hi/D) = (i +1,1,n+2 —4,0). Thus D is a resolving decomposition of
P, ® Ky. So dec(P, ® K3) < 4. O

Theorem 3. dec(C,, ® K1) =3

Proof.  Consider the corona product of the cycle C,, and the complete
graph Ki, C), ® K1. Let v1,v9,...,v, be the n vertices of the path C,, and
€1,€,...,e, be the n edges of the cycle C),. Label the edges joining the
vertex v; in C, and Kj as f;,1 <i <n.


pc
di4
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Figure 5. C, ® K.

Let n > 3 be any positive integer. Then n = 3k—1 or 3k or 3k+1, where
k=1,2,.... Consider the decomposition D = {G1,G2,Gs} of C), © Kj.

Case 1: n=3k -1

Let E(G1) = {f1, fn, fa—1, -

o Jnkas}, E(Ge) = {fa, f3,.-

oy fre1} and

E(G3) consists of all other edges of C,, ® Kj. Then

(
(
2(fi/D) = E
(

Case 2: n=3kor 3k +1
Let E(Gl) - {fl7fn7fn—17"

o fakt2}s E(G2) = {fa, f3,--

ifi=1
Hf2<i<k+1
ifi=k+2
ifk+3<i<n—k+2
ifi=n—-k+3
ifn—k+4<i:<n

ifl1<i<k+1
ifi=k+2
fk+3<i<n—k+2
ifi=n—-%k+3
ifn—k+4<i<n

. fre1} and


pc
di5
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E(G3) consists of all other edges of C), ® K.

When n = 3k

(
(
2(fi/D) = E
(

Whenn=3k+1

(
(
2(fi/D) = E
(

(
(
"(ei/D) = E

ifi=1
f2<:i<k+1
ifi=k+2
ifk+3<i<n—k+1
ifi=n—k+2
ifn—k+3<i<n

fl1<i<k+1
fi=k+2
fk+3<i<n—-k+1
fi=n—-k+2
ifn—k+3<i<n

ifi=1
if2<i<k+1
ifi=k+2
ifk+3<i<n—-k+1
ifi=n—k+2
iftn—k+3<i<n

fl1<i<k+1
ifi=k+2
iftk+3<i<n-—k
fi=n—-k+1
ifn—k+2<i:<n

1245
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Thus D is a resolving decomposition of C,, ® K;. So dec(C,, ® K1) <
Since C), ® K3 is not a path dec(C,, ® K1) > 3. Hence dec(C,, ® K;) =
O

3.
3.

Theorem 4. dec(C,, ® K3) < 4

Proof.  Consider the corona product of the cycle C), and the complete
graph Ko, C), ® Ko. Let v1,ve,...,v, be the n vertices of the path C), and
€1,€2,...,¢e, be the n edges of the cycle C,,. For i =1,2,... n label the
edges joining the vertex v; in C,, and K> as f;, g; and let h; be the edge in
K> adjacent to the edges f; and g;.

Figure 6. C,, ® Ks.

Let n be any positive integer. By division algorithm there exists positive
integers ¢, r such that n = 3g+r where r = 0 or 1 or 2. Since C},® K3 isnot a
path, dec(C,, ® K3) > 3. Consider the decomposition D = {G1, G2, G3, G4}
of ), ® Ks.

Case 1: n = 3¢

Let E(Gl) — {917927 e agq}a E(GQ) = {gq+1>gq+2> cee 792q}7
E(G3) = {92¢+1,92¢+2,---,9n} and E(G4) consists of all other edges of

Cp, ® Ks. Then


pc
di6
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(l,g+2—4i,i+1,0) if1<i<g

(2,1,¢+1,0) ifi=q+1
v(fi/D) =1 (of caz)(v(fic1)) ifq+2<i<2g

(g+1,2,1,0) ifi=2¢+1

(ap oaf)(v(fir1)) if2¢+2<i<n

(1,g+1—i,i+1,0) if1<i<gq
v(ei/D) = (af caz)(v(eir1)) ifg+1<i<2g
(ay oaz)(y(eim1))  if2g+1<i<n

(af caf)(y(fi) f1<i<gq
v(hi/D) =3 (af cad)(v(fi)) ifq+1<i<2q
(af ocaz)(y(fi) if2¢+1<i<n

v(9:/D),1 < i < n is obtained by replacing 1 and 0 in corresponding
~v(fi/D) by 0 and 1.

Case 2: n=3¢+1

Let E(Gl) = {glvgna s ’qurl}’ E(GQ) = {gq+2a 9q+2,- - - 792q+1}a

E(G3) = {92g+2,92¢+3,---,9n} and E(G4) consists of all other edges of
C,, ® K3. Then
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v(fi/D) =

v(ei/D) =

v(hi/D) =

v(9i/D),1 < i < n is obtained by replacing 1 and 0 in corresponding

v(fi/D) by 0 and 1.

Case 3: n =3¢ +2

Let E<G1) = {9179717 oo

{92q+37 92q+4, - - -
Then

Reji T. and Ruby R.

1,g+3—14,i+1,0)
2,1,q+1,0)

7gq+1}> E(G2) = {gq+27gq+37 s
,gn} and F(Gy4) consists of all other edges of C,, ® Ko.

if1<i<q+1
ifi=q+2
ifg+3<i<2¢+1
ifi=2q+2
if2¢g+3<i<n

ifl1<i<gq
ifir=q+1
ifg+2<i<2¢+1
if2¢g+2<i1<n

ifl1<i<qg+1
ifg+2<i<2¢+1
if2g+2<i<n

,92q+2}, E(G3) =



[1]
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(1L,g+3—d,i+1,0) ifl1<i<q+1

(2,1,q9+2,0) ifti=q+2
V(fi/D) =4 (af oaz)((fi1)) ifq+3<i<2q+2

(¢g+1,2,1,0) ifi=2¢+3

(a7 co)(v(fic1)) if2¢+4<i<n

(1,g+2—4,i+1,0) if1<i<q+1
gy L ) (@ eag)(y(eim1))  ifg+2<i<2¢+1
1€/P)= 0 (4+1,1,1,0) ifi=2g+2

(a7 caz)(v(eim1))  if2g+3<i<n

(a3 caz)(v(fi)) f1<i<qg+1
v(hi/D) =< (af caz)(v(fi) ifq+2<i<2q+2
(af oag)(v(fi) if2¢+3<i<n

n is obtained by replacing 1 and 0 in corresponding

Thus D is a resolving decomposition of C),, ® Ka. So dec(C),, ® K2) < 4
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Abstract A graph G without isolated vertices is a least common multiple of two graphs H|
and H, if G is a smallest graph, in terms of number of edges, such that there exists a decompo-
sition of G into edge disjoint copies of H; and H,. The collection of all least common multiples
of Hy and H; is denoted by LCM (Hy, H>) and the size of a least common multiple of H;
and H, is denoted by lcm(Hy, H,). In this paper lcm(Py, C,, O Py), lem(Py, Wy, O P,) and
lem(Py, W,, O C,,) are determined where the product is the cartesian product.

1 Introduction

All graphs considered in this paper are assumed to be simple and to have no isolated vertices.
The size of a graph G is the number of edges of G denoted by |E(G)|. A graph H is said to
divide a graph G if there exists a set of subgraphs of G, each isomorphic to H, whose edge sets
partition the edge set of G. Such a set of subgraphs is called an H-decomposition of G. G is
said to be H-decomposable if G has an H- decomposition and write H|G.

A graph G is called a common multiple of two graphs H; and H, if both H|G and H,|G.
A graph G is a least common multiple of H; and H; if G is a common multiple of H; and H;
and no other common multiple has fewer edges. Several authors have investigated the problem
of finding least common multiples of pairs of graphs H; and H>; that is graphs of minimum size
which are both H| and H, decomposable. The problem was introduced by Chartrand et.al in [4]
and they showed that every two nonempty graphs have a least common multiple. The problem of
finding the size of least common multiples of graphs has been studied for several pairs of graphs:
cycles and stars [4, 13, 14], paths and complete graphs [9], pairs of cycles [8], pairs of complete
graphs [3], complete graphs and a 4-cycle [2], pairs of cubes [1], complete graph and star [11]
and paths and stars [7]. Pairs of graphs having a unique least common multiple were investigated
by several authors [6, 12, 10]. Least common multiple of digraphs were considered in [5].

An obvious necessary condition for the existence of a graph G which is a common multiple
of H, and H; is that both |E(H,)| and |E(H;)| divide |E(G)|. This condition is not always
sufficient. Therefore, we may ask: Given two graphs H; and H,, for which value of ¢ does
there exist a graph G having ¢ edges which is a common multiple of the graphs H; and H;?
Adams, Bryant and Maenhaut [2] gave a complete solution to this problem in the case where H
is the 4-cycle and H; is a complete graph; Bryant and Maenhaut [3] gave a complete solution to
this problem in the case where H is the complete graph K3 and H, is a complete graph. Thus
the problem to find least common multiple of H; and H; is to find the least positive integer ¢
such that there exists a graph G having ¢ edges which is both H; and H, decomposable. We
denote the set of all least common multiples of H; and H, by LCM (H, H;). The size of a least
common multiple of H; and H, is denoted by lcm(H;, H,). Since every two nonempty graphs
have a least common multiple, LCM (H, H,) is nonempty. The number of elements in the set
LCM(H;y, Hy) is greater than one for many pairs of graphs. For example both P; and Cy are
least common multiples of P, and P;.

In fact, Chartrand et.al [6] proved that for every positive integer n there exist two graphs
having exactly n least common multiples. In [9] it was shown that every least common multiple
of two connected graphs is connected and that every least common multiple of two 2-connected
graphs is 2-connected. But this is not the case for disconnected graphs. For example if we take
H, = 2K,, H, = (s, then G| = 2C5 and G, which is the graph obtained by identifying two
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vertices in two copies of Cs, are in LCM (Hy, H,) of which G is disconnected while G, is
connected.

2 Main Result

The cartesian product of two graphs G and H denoted by G J H is a graph with vertex set
V(G) xV (H) for which {(z,u), (y,v)} isanedge if v = y and {u,v} € E(H) or {z,y} € E(G)
and u = v. The graph G O H has |V (G)||V (H)| vertices and |V (G)||E(H)| + |V (H)||E(G)|
edges. In this section graphs that belong to LCM (Py,C,, O P,,), LCM(Py, W, O P,) and
LCM(Py,W,, O C,) are constructed and hence computed the lcm of the respective pairs of
graphs. Let G for t = 1,2, 3 denote the ¢-th copy of the graph G. Also let v* and e! denote a
vertex and an edge in G*.

2.1 lemof Py and C,,, O P,

fm,l
S f2,l f3,1 me—
@ 9 ') ¢« o o
— fm,l -
- =
Q A=)
f32
L J
N fm,3 S
—_ =t
\S] T
f33
L]
fm,nfl :
f3,n71 *
|§'\ fm,n éI
—_ <
Q (8] l
fl,n f2,n f3,n

Figure1. C,,, 1 P,

Let ai,a,...,a, and by, by, ..., b, be the vertices of C,, and P, respectively. C,, x {b;},
1 < j < nare the Cy,-fibers and {a;} x P,, 1 <1i < m are the P,-fibers in C,, O] P,. Label the
vertices and edges of the j-th C,,-fiber, Cy,, X {b;} as {vi j,v25,...,Um i}, {fi5, fojr- s fmj}
and that of the i-th P,,-fiber, {a;} X P, as {v; 1,vi2,...,Vin}> {€i1,€i2, - €in_1}

2mn—m  ifm=0 (mod 3) orn=2 (mod 3)

Theorem 2.1. icm(Py, Cy, O P,) = {6 3 therwi
mn — 3m  otherwise

Proof. Least common multiple of P4 and C,,, O P, is the number of edges in the graph of least
size that is both P;-decomposable and C,, [0 P,-decomposable. We consider various cases
for m and n in modulo 3 and will construct in each case a graph of least size that is both P;-
decomposable and C),, [ P,-decomposable.

Casel:n=2, meN, m>3

The graph G = C,,, J P, has 3m edges. A Py-decomposition of G is given by the following
copies of Ps: (fi 1, €1, fi2), 1 <i < m.Thus G is Ps-decomposable and hence

lcm(P4, Cm O Pz) = 3m.
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Case2: m=3neN, n>3
In this case G = C3 U P,, which has 6n — 3 edges. A P;-decomposition of G is obtained as
follows:

{(fl,jan,j7f2,j+l)7l S .7 S n — 1}7{(61,j7f3,jve3,j71)72 S] S n— 1}7

(e11, f3,1,€3,1), (fi,ns f3m,€30—1)

Thus G is P;-decomposable and hence lcm(Py, C3 O P,,) = 6n — 3.

Case 3: m =3k, k>2

Subcase 3.1: n =131, 1 > 1

The graph G = C3;, O P3; has 3k(31 — 1) + (31)(3k) edges and hence |E(G)| = 0 (mod 3).
The 31 — 1 edges of the i-th P,-fiber of G, where 1 < ¢ < m, together with the edge f; ,, of
the n-th C,,-fiber makes a P31, which is P;-decomposable. For 1 < j < n — 1, the j-th C,,-
fiber contains 3k edges and hence it is P;-decomposable. Thus G is Ps-decomposable and hence
lem(Py, C3 O Pyy) = 3k(31 — 1) + (31)(3k).

Subcase 3.2: n=3l+1,1>1

In this case G = C5;, O Py4 and |E(G)| = 3k(31) + (31 + 1)(3k) = 0 (mod 3). Here
each C,,-fiber has 3k edges and each P, -fiber has 3/ edges and hence every C,,-fiber and P, -
fiber are P;-decomposable. Thus G is Py-decomposable and hence lem(Py, C3 O P3yiy) =
3k(31) + (31 + 1)(3k).

Subcase 3.3: n=31+2,1>1

Here G = C3j, O P34 and it has 3%(31+ 1) + (31+2)(3k) edges which is a multiple of three.
The j-th C,,-fiber, where 1 < j < n — 2, has 3k edges and hence it is P;-decomposable. The
first 37 edges of the i-th P, -fiber, where 1 < i < m makes a P31, which is P;-decomposable.
Consider the edges of the (n— 1)-th and n-th C,-fibers and the edges {€; ,—1, 1 < < m}. Then
{(fin—1:€in—1, fin), 1 < i < m} gives a copy of P, for each i. Thus G is P;-decomposable
and hence lem(Py, Cs O Pyjin) = 3k(31+ 1) + (31 + 2)(3k).

Case4: m=3k+1, k>1

Subcase 4.1: n =31, 1 > 1

The graph G = C3541 0 Py has (3k+1)(31— 1)+ (31)(3k + 1) edges and hence |E(G)| = 2
(mod 3). The first 3k edges of the j-th C,,-fiber, where 1 < j < n — 1, makes a P31, which
is Py-decomposable. The 3/ — 1 edges of the i-th P,-fiber, where 2 < i < m — 1, together
with the edge f;_i, of the n-th C),-fiber makes a P34, which is P4-decomposable. Now
{(e1,j, fm.,js€m,j), 1 <j <n—1} gives a copy of P, for each j. The edges { fi—1,n, fm.n} are
left out.

Take three copies of G namely G', G2, G* and each copy has the above decomposition. Let
H be the graph obtained by identifying the vertex v fn with the vertex vin and the vertex v>

m—1,n
with the vertex v _, . The left out edges {f% _, ., f}, .;t = 1,2,3} in the three copies of
G will make a Py in H, which is Pj-decomposable. Thus H is P;-decomposable and hence
lem(Py, O3y O Py) = 3((3k + 1)(31 — 1) 4+ (31)(3k + 1)).

Subcase 4.2: n=3l+1,1>1

In this case G = C3x41 O P4y which has (3k + 1)(31) + (31 + 1)(3k + 1) edges and hence
|[E(G)| =1 (mod 3). The first 3k edges of the j-th C,,-fiber, where 1 < j < n, makes a Psx1,
which is P;-decomposable. For 2 < i < m — 1, the i-th P,-fiber, has 3/ edges and hence it is
Py-decomposable. Now {(e1 ;, fm,j,€m,;), 1 <j < n— 1} gives a copy of P4 for each j. The
edge f, » is left out.

Take three copies of G' namely G', G?, G* and each copy has the above decomposition. Let
H be the graph obtained by identifying the vertex vy, ,, with the vertex v , and the vertex v7, ,,
with the vertex vin. The left out edges {f;, ,;t = 1,2,3} in the three copies of G will make a
Py in H. Thus H is Ps-decomposable and hence lem( Py, Cspr1 O Payg1) = 3((3k + 1)(31) +
Bl+ 1)(3k+1)).

Subcase 4.3: n=31+2,1>1

Here G = C3p+1 O Pyyp and |E(G)| = (3k+1)(31+1)+(3142)(3k+1), which is a multiple
of three. The first 3k edges of the j-th C,,-fiber, where 1 < j < n — 2, makes a Psj1, which is
Py-decomposable. The first 3/ edges of the i-th P,-fiber, where 2 < ¢ < m — 1 makes a Py,
which is Py-decomposable. {(ei ;j, fm,j;€m,j), 1 < j < n — 1} gives a copy of P, for each j.
Consider the edges of the (n— 1)-th and n-th C,,-fibers and the edges {e; ,—1,1 < i < m}. Then
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{(fin—1:€in—1, fin), 1 <i < m} gives a copy of P, for each i. Thus G is P;-decomposable
and hence lem(Py, Capyy O Pyjn) = Bk +1)(31+ 1) + (31 +2)(3k + 1).

Case 5: m=3k+2, k>1

Subcase 5.1: n =31, 1 > 1

For the graph G = Cs42 O Py, |E(G)| = B3k +2)(31 — 1) + 3))(3k +2) = 1 (mod 3).
The 3k + 2 edges of the j-th C,,-fiber, where 1 < j < n — 1, together with the edge e,, ; of
the m-th P, -fiber, makes 3k + 3 edges, which is P;-decomposable. The 3/ — 1 edges of the i-th
P, -fiber, where 1 < i < m — 1, together with the edge f; ,, of the n-th C),,-fiber makes a P31,
which is P4-decomposable. The edge f,,, , is left out.

Take three copies of G namely G', G2, G* and each copy has the above decomposition. Let
H be the graph obtained by identifying the vertex vy, , with the vertex v, and the vertex v7, ,,
with the vertex v} . The left out edges { ft it =1,2,3} in the three copies of G will make a
P, in H. Thus H is P;-decomposable and hence lem(Py, Cspsn O Py) =3((3k+2)(31— 1) +
(31)(3k + 2)).

Subcase 5.2: n=31+1,1>1

In this case G = C3442 O P4y which has (3k +2)(31) + (31 + 1)(3k + 2) edges and hence
|E(G)| = 2 (mod 3). The 3k + 2 edges of the j-th C,,-fiber, where 1 < j < n — 1, together
with the edge e, ; of the m-th P,-fiber, makes 3k 4 3 edges, which is P;-decomposable. For
1 <14 < m—1,the i-th P,-fiber, has 3/ edges and hence it is P;-decomposable. The first 3k edges
of the n-th C,,,-fiber makes a Pj;, which is P;-decomposable. The edges { fi—1.n, fm.n} are
left out.

Take three copies of G' namely G', G?, G* and each copy has the above decomposition. Let
H be the graph obtained by identifying the vertex v{ , with the vertex v ,, and the vertex v7,

—1,n
with the vertex v) _, . The left out edges {f% _, ., f} .;t = 1,2,3} in the three copies of
G will make a Py in H, which is Pj-decomposable. Thus H is P;-decomposable and hence
lC’I”I”L(P47 Cspan O P3l+1) = 3((3/{3 + 2)(3[) + (3l + 1)(3k‘ + 2))

Subcase 5.3: n=31+2,1>1

The graph G = Csp41 O Py4p has (3k +2)(31 + 1) + (31 + 2)(3k + 2) edges, which is a
multiple of three. The 3k + 2 edges of the j-th C,,-fiber, where 1 < j < n — 2, together with
the edge ey, ; of the m-th P,-fiber, makes 3k + 3 edges, which is P4-decomposable. The first
31 edges of the i-th P, -fiber, where 1 < i < m — 1 makes a P3|, which is Ps;-decomposable.
Consider the edges of the (n— 1)-th and n-th C,,-fibers and the edges {e; ,—1,1 < i < m}. Then
{(fin—1,€in—1, fin), 1 < i < m} gives a copy of P, for each i. Thus G is P;-decomposable
and hence lcm(P4, Csro U P3[+2) = (3]€ + 2) (3l + 1) + (3l + 2)(3k + 2). O

Theorem 2.2. C,,, O P, is Py-decomposable if and only if m =0 (mod 3) or n =2 (mod 3).

2.2 Icm of P, and W,,, 0 P,

Let W,,, denote the wheel graph of order m, which contains a cycle C,,_; and a vertex called
hub, which is adjacent to every vertex of Cy,—1. |E(W,,)| = 2m — 2. Let ay,a,...,a,, and
b1, by, ...,b, be the vertices of W,,, and P, respectively, where a,, is the hub vertex of W,,.
Wi x {b;}, 1 < j < n are the W,,-fibers and {a;} x P,, 1 < i < m are the P, -fibers in
W, O P,. Label the vertices and edges of the j-th W,,,-fiber, W,,, x {b;} as {v1 j,v2 j, ..., Um ; },
{fl,ja f2,j; ceey fm,Lj, 915,925 - ,gmfl)j} where {fl,j7 fz’j, ey fmfl’j} are the edges of the
cycle in the j-th W,,-fiber and {gi j, 92 ;,...,gm—1,,} are the edges connecting the hub and the
vertices of the cycle in the j-th W,,,-fiber. The vertices and edges of the i-th P,,-fiber, {a;} x P,
are labelled as {v; 1,vi2,...,v;,} and {e; 1,€i2, ..., € n—1} respectively.
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Figure2. W, 0P,

3mn—2n—-m if2m+mn =0 (mod 3)

Theorem 2.3. lcm(Py, W, O P,) = )
3(3mn —2n —m) otherwise

Proof. Let P’ be the path vy 1 fi1v2,1f2,1 -+« fm—2,1Vm—1,19m—1,1Vm,1, Which is contained in
the first W,,,-fiber, P Um,1€m,1Vm.26m.2 - - - Um,n—1€m,n—1Um,n, the m-th P, -fiber and A
UmnGm—1,nVm—1,nfm-2n - - - V2.0 f1,nV1,n, the path contained in the last W, -fiber.

Let G = W,, O P,. Then |E(G)| = m(n — 1) + n(2m — 2) = 3mn — 2n — m. Consider the
edges of G* = (W,, O P,)\{P', P", P""}. Copies of P, are obtained as follows :
Forafixed j,1 <j <n—2,{(gij,eij fijr1), 1 <i<m =2} {(fn-14s€m—14,Im—1,+1)}

{(gi,n—] 5 6i,n—lagi,n>a 1<i<m-— 2}7 (fm—l,n—l yEm—1,n—1, fm—l,n,)-

Thus G* is P4-decomposable. The paths P', P" and P makes the path P* of length 2m+n —3
in W, OO P,,. Thus W,,, 0 P, is P;-decomposable if P* is P;-decomposable and this happens if
2m+n =0 (mod 3).

If 2m +n =1 or 2 (mod 3), take three copies of G' namely G', G2, G3 and in each copy of
G, the subgraph G* has the above decomposition. Let H be the graph obtained by identifying the
vertex v | with the vertex v}, and the vertex v, with the vertex v{ |. Then the path P* in the
three copies of G will make a path of length 3(2m +n — 3) in H, which is P;-decomposable and
sois H. Thus lem(Py, W,,, O P,,) = |E(W,, O P,)| if 2m+n =0 (mod 3) and 3|E(W,,, O P,)|
otherwise. O

Theorem 2.4. W,,, O P, is Py-decomposable if and only if 2m +mn =0 (mod 3).

2.3 Iecmof P, and W,,, O C,,

Let ay,ay,...,a, and by, by, ..., b, be the vertices of W,,, and C,, respectively, where a,, is the
hub vertex of W,,,. Wy, x {b;}, 1 < j < n are the W,,,-fibers and {a;} x C),, 1 <1i < m are the
C,-fibers in W,,, I C,. Label the vertices and edges of the j-th W,,,-fiber, W,,, x {b,} as in the
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above case of W,,, O P,. The vertices and edges of the i-th C,,-fiber, {a;} x C,, are labelled as
{Uz‘,h Vi2ye-ey Ui,n}, {ei,1,€¢,27 sy ei,n}-

1 . 2.1 Im—1,1 B
] EF
(8}
|
Nr -
iy 1S
/
— -
6
. o Py " o . T e
. . —— . .
S $
IR fZ,n —2.n gm—1,n

Figure 3. W,, 1 C,

3mn —2n ifn=0 (mod 3)

Theorem 2.5. lem(Py, W,,, O C,,) = {3(3mn ") otherwise

Proof. Let G = W,,, 0 C,,. Then |E(G)| = mn + n(2m — 2) = 3mn — 2n. Copies of P, are
obtained as follows :
Forafixed j, 2 < j <n—2,{(gij:€ij fij+1), 1 <i<m =2} {(fn—1js€m—1jIm-1,4+1)},

{(gi,1,€ims fin)s (fins€in, fiz), (Gin—1,€in—1,9in): 1 <i<m—2},

(fm,— 1,1, €m—1,1,9m—1 ,2)7 (fm,— I,n—1€m—1,n—1, fm—l,n)y (em— 1,ns Ym—1,1, em,n)

The path P* of length n consisting of the edges {en,1,€m 2, - - -, €m.n—1, gm—1,n} is left out. Thus
W,, O C,, is Py-decomposable if P* is P;-decomposable and this happens if n = 0 (mod 3).
If n =1 or2 (mod 3), take three copies of G namely G', G, G* having the above decom-
position. Let H be the graph obtained by identifying the vertex v}ml with the vertex vfml and
the vertex vfn_m with the vertex vfnfl’n. Then the path P* in the three copies of G will make
a path of length 3n in H, which is Ps-decomposable and so is H. Thus lem(Py, W,, O C,,) =
|[E(W,, OC,)|ifn=0 (mod 3) and 3| E(W,, O C,)| otherwise. i

Theorem 2.6. W,,, O C,, is Py-decomposable if and only if n =0 (mod 3).
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